We consider global properties for the classical SIR, SIRS and SEIR models of infectious diseases, including the models with the vertical transmission, assuming that the horizontal transmission is governed by an unspecified function f (S, I ). We construct Lyapunov functions which enable us to find biologically realistic conditions sufficient to ensure existence and uniqueness of a globally asymptotically stable equilibrium state. This state can be either endemic, or infection-free, depending on the value of the basic reproduction number.
Introduction
It is traditionally postulated that the spread of an infectious disease in a population occurs according to the principle of mass action. This assumption implies that the corresponding incidence rate is bilinear with respect to the numbers of susceptible and infective individuals (Anderson and May, 1991; Hethcote, 2000) ; more specifically, if S(t) and I (t) are the fractions of susceptibles and infective individuals in a population, and if β is the per capita contact rate, then the principle of mass action implies that the infection spreads with the rate βI S. The set of assumptions behind this postulate is fairly sound, and the models based on this postulate allowed to gain a number of important results.
However, there is a number of reasons why this standard bilinear incidence rate may require modification. For instance, the underlying assumption of homogeneous mixing and homogeneous environment may be invalid. In this case the necessary population structure and heterogeneous mixing may be incorporated into a model with a specific form of nonlinear transmission. Saturation effects also lead to a nonlinear incidence rate: If the portion of the infective hosts in a population is very high and exposure to the disease agent is virtually certain, then the transmission rate may grow more slowly than linear with the increase in the number of infectives. This effect was encountered in clinical observations as well as in laboratory experiments (Capasso and Serio, 1978; Brown and Hasibuan, 1995) . Furthermore, the details of transmission of infectious diseases are generally unknown, and may vary for different conditions; this observation justifies the growing interest to the models with incidence rates of more general form.
For this reason, models of infectious diseases with nonlinear incidence rates have been attracting considerable attention over the last two decades. The most common in the literature nonlinear incidence rate takes the form βI p S q (where p and q are positive constants). Models with this incidence rate have been studied by Liu et al. (1986) and Liu et al. (1987) , and later by Derrick and van den Driessche (2003); Hethcote et al. (1989) ; Hethcote and van den Driessche (1991); Korobeinikov and Maini (2004) , and many others. The nonlinear incidence rates of more sophisticated forms were also suggested and studied. For instance, Liu et al. (1986) proposed an incidence rate of the form kI p S/(1 + αI l ); Briggs and Godfray (1995) , who studied infection of insects, considered a nonlinear pathogen transmission of the form kS ln(1 + νP /k) (where P is the density of the pathogen particles). Li et al. (1999) studied the global properties of a SEIR model with the incidence rate of the form g(I )S; they also extended some of their results for a SEIRS model. Korobeinikov and Maini (2005) considered a variety of models with the incidence rate of the form g(I )h(S); constructed Lyapunov functions enabled to establish global properties for a SIR and a SEIR models.
In a more general case, transmission of an infection may be given by a nonfactorable function of S and I . Feng and Thieme (2000) considered the most general model with arbitrarily many infective stages with general length distribution, and with incidence rate given by an arbitrary function f (S, I 1 , . . . , I n ). They found the condition for existence and uniqueness of the endemic equilibrium state, and for its local stability. For a comparatively simple case of SIR and SIRS models with the incidence rate given by an unspecified function f (S, I ), sufficient conditions for the global stability of the endemic equilibrium state was also found (Korobeinikov, 2006) .
The main goal of this notice is to study the global properties of the classical threedimensional SEIR model (including the model with the vertical transmission) with the horizontal transmission governed by an unspecified function f (S, I ) . For this rather general case, by means of the direct Lyapunov method, we derive sufficient conditions ensuring existence and uniqueness of a globally asymptotically stable steady state. It is not surprising, however, that the Lyapunov functions constructed here for the three-dimensional SEIR models can also be applied to the two-dimensional SIR and SIRS models. Although the properties of these models were already studied, for the sake of consistency, we consider here these models as well. We have to stress, however, that the Lyapunov function constructed here is not a direct generalization of the functions we apply earlier (Korobeinikov, 2006) to establish the global properties of the SIR and SIRS models.
SIR and SEIR models
We assume that the population size is constant, that is, deaths are balanced by births. Following classical assumptions (Anderson and May, 1991; Busenberg and Cooke, 1993;  
